We study scattering amplitudes of higher spin closed-string states off D-branes. For states in the 'first Regge trajectory' we find remarkable simplifications both at tree level and at one loop. We discuss the high energy behavior in the Regge limit and comment on the validity of the eikonal approximation in this regime.
Introduction
There is growing interest in the dynamics of higher spin states in String Theory [1, 2, 3, 4, 5, 6] . Although only under very special conditions states of these kind can saturate a BPS bound and thus be perturbatively stable [5, 7, 8] , higher spin states are a hallmark of String Theory or a by-product of strongly coupled gauge theories, possibly captured by some version of the holographic correspondence [9, 10, 11, 12] .
We here consider the scattering of higher spin closed-string states off D-branes [13] . For states in the 'first Regge trajectory' we find remarkable simplifications both at tree level and at one loop at high energy α ′ E 2 >> 1. This parallels the recent analysis for massless states in the Regge limit [14] , where the validity of the eikonal approximation was checked by comparing tree-level and one-loop amplitudes in the high energy limit. A semiclassical picture emerges that suggests a resummation is possible of the dominant terms in the amplitudes, conjectured in [14] to scale as E n+1 for surfaces with n boundaries.
Subdominant tidal effects due to the finite length of the string have been also studied in [14] .
As in [14] , we will eventually focus on the Regge limit of large s and small scattering angle |t| << s. We will only consider massive higher spin states with M 2 << s i.e. at fixed level, starting in fact with the first non-trivial case N =N = 2. As we will see later on, amplitudes for the production of a massive higher spin state from a massless graviton impinging on a stack of Dp-branes grow as E 2 at tree level and E 3 at one loop, independently of the spin of the massive product. One effectively regains the same high energy behavior as in the massless case for E 2 >> M 2 , |t|, thus corroborating the eikonal description advocated by [14] .
It is important to notice that while in the Regge limit (small deflection angles) amplitudes diverge with E, at fixed scattering angle string amplitudes are safely exponentially suppressed in the UV [15, 16, 17, 18] . There is a vast literature on trans-Planckian collisions of gravitons in String Theory [19, 20, 21, 22, 23, 24] that led to important insights in the understanding of the modification of space-time geometry at short distances.
The plan of the paper is as follows.
In Section 1, we present vertex operators for closed-string higher spin states both in the bosonic string and in the superstring. In particular we identify BRST invariant vertex operators for states in the first Regge trajectory.
In Section 2, after reviewing some old and recent results, we compute tree-level amplitudes on the disk involving both massless states and massive higher spin states in the first Regge trajectory. We then extrapolate the result to very high energy in the Regge limit.
In Section 3 we compute one-loop amplitudes on the annulus involving massive higher spin states. For states in the first Regge trajectory, we find remarkable simplifications in the high energy limit that allow explicit summation over spin structures in a very similar way to what happens for massless states. Moreover the result can be recast in terms of a sum of convolutions of disk amplitudes in these regime.
In Section 4 we comment on the compatibility of our findings with the eikonal operator proposed in [14] .
Section 5 contains a summary of the present results and our conclusions.
We have collected some cumbersome formulae in an Appendix.
Note added
While this paper was being typed, a very interesting paper appeared [25] that overlaps with our analysis at tree level and presents an interpretation in terms of OPE and Pomeron vertex but does not discuss one-loop corrections 1 .
Vertex operators for Higher Spins
In this section we will present BRST invariant vertex operators for massive higher spin states of the Bosonic String as well as of the Superstring. We will mainly focus on states belonging to the leading Regge trajectory of the graviton. For notational simplicity we will set α ′ = 2 henceforth, unless explicitly indicated. We will also try to consistently denote massless momenta by k's and massive ones by p's.
Bosonic String
The un-integrated massless vertex operator for closed bosonic strings reads [15, 16, 27 ]
BRST invariance requires k 2 = 0 and k µ M µν = 0. The polarization tensor M µν describes
Kalb-Ramond fields, and dilatons (M µν = η µν − k µkν − k νkµ withk 2 = 0 and kk = 1).
Massive vertex operators are given by [2, 5, 8] 
1 See also [26] for a recent discussion of the role of 'Pomerons' in deriving recursion relations for scattering amplitudes on D-branes.
with −p 2 = M 2 = 2(N − 1) = 2(N − 1) for level matching and N = Σ i ℓ i ,N = Σ jlj .
In general, conditions for BRST invariance are very involved and tend to relate different vertex operators of the above kind. However for states in the 'first Regge trajectory' ℓ i = 1 =l j for all i and j the situation drastically simplifies. In particular, at level N =N, the highest spin state with J = 2N is described by a totally symmetric tensor
, subject to the BRST conditions
Since the number of states grows exponentially with √ N, it is very hard if not even hopeless to find a systematic way to describe BRST invariant states in a covariant fashion 2 .
It is straightforward to identify all the physical states in the light-cone gauge, that only exposes SO(24) symmetry, the little Lorentz group for massless momenta in D = 26.
Level by level, it is relatively easy to assemble massive states into representations of SO (25) , the little Lorentz group for massive momenta in D = 26 [29, 30, 31, 32] .
At the first massive level N =N = 2, for instance, one finds 24 + (1/2) · 24 · 25 states for the left-movers, that correspond to the (1/2) · 26 · 25 − 1 physical polarizations of a massive symmetric and traceless tensor in D = 26. Combining with the right-movers yields not only totally symmetric tensors of spin ranging from J M ax = 4 to J min = 0 but also tensors with mixed symmetry.
Superstring
We will now focus on bosonic states in the NS-NS sector of the closed Type II A or B superstrings. We will neither discuss bosonic states in the R-R sector nor fermionic states in the R-NS and NS-R sectors. Though interesting by themselves, they should not add anything significantly new to our analysis except for a possible direct check of supersymmetry at higher mass levels.
In the canonical superghost picture q =q = −1, un-integrated massless vertex operators for bosonic NS-NS states read [16, 16, 27] 
Very much as for the bosonic string, BRST invariance requires k 2 = 0 = k µ M µν . The polarization tensor M µν describes gravitons, anti-symmetric tensors, and dilatons.
In the canonical superghost picture q =q = −1, un-integrated massive vertex operators for NS-NS states in the 'first Regge trajectory' read [5, 7, 8] 
2 See however [28] for a recent thorough analysis with applications to cosmic strings 
Very much as for the bosonic string, the exponential growth with √ N of the number of states prevents one from finding a systematic way to describe BRST invariant states in a covariant fashion. It is rather straightforward to identify all the physical states in the light-cone gauge with manifest SO(8) symmetry, the little Lorentz group for massless momenta in D = 10. Level by level, one can assemble massive states into representations of SO (9), the little Lorentz group for massive momenta in D = 10 [29, 30, 31, 32] .
Tree level disk amplitudes
After reviewing tree-level amplitudes for scattering of massless states off D-branes, we will discuss amplitudes with massive higher spin states.
Scattering of closed-string states in the NS-NS sector of the superstring off a stack of N p Dp-branes is coded in disk amplitudes of the form [33, 34] 
where V CKV is the (infinite) volume of the conformal Killing group of the disk, κ = 2
, g s is the string coupling constant and
is the Dp-brane tension. Setting z 1 = iy and z 2 = i yields
Wick contractions are performed by means of
Eventually the boundary condition will convert R-moversΦ
the Dp-brane reflection matrix with signature (p + 1, 9 − p). Notice that RR = 1 and R t = R. Moreover we will frequently use the compact notationv
Since we will only consider totally symmetric transverse tensors it proves convenient in the intermediate steps, i.e. while performing Wick contractions, to set
with A µ a (complex) massless vector polarization, with k · A = 0 and A · A = 0, and
with B µ a (complex) massive vector polarization with p · B = 0 and B · B = 0.
Final expressions for tree-level amplitudes boil down to integrals of the form
If 2a + b + c = −2, I(a, b, c) can be mapped into a standard Beta function via
so that
Including the ghost measure factor (1−y 2 ) and setting a = −2s−n 3 ,
and c = −t + M 2 − n 2 + 1, the condition on n 1 , n 2 , n 3 becomes n 1 + n 2 + 2n 3 = 4. At high energy, for a given tensorial structure (kinematical factor) with a fixed power of s = E 2 , the leading dynamical terms turn out to be the ones with the highest value of n 1 .
Massless to massless
For massless to massless scattering at tree-level (disk) one finds [33, 34 ] 
with
Exploiting SO(p, 1)×SO(9−p) symmetry, one can set
Performing the integrals one finally gets
The Gamma functions in the amplitude produce two infinite series of poles corresponding to closed-string states with α ′ M 2 = 4(N −1) in the t-channel and to open-string states
In the special case where the only non-zero components of h iµν are along the directions transverse to the Dp-brane, the amplitude simplifies drastically. For two gravitons one gets
Regge Limit for massless to massless scattering
At high energy, the kinematical factor for two transversely polarized gravitons gives
while, reinstating α ′ and normalization constants and exploiting Stirling formula for the asymptotic behavior of the Gamma functions, the dynamical factor yields
so that [14] 
This shows that the disk amplitude grows as E 2 in the Regge limit and is dominated by the Regge trajectory of the graviton in the t-channel. In the strict Field Theory limit, α ′ → 0, the disk amplitude
describes single massless graviton exchange with transverse momentum transfer −t = q 2 .
The imaginary part of A disk 00 accounts for inelastic processes in which bulk closedstring states excite open-string states on the Dp-brane. As energy grows, the one-particle exchange approximation violates the unitary bound and one needs to consider multiparticle exchanges that correspond to amplitudes on higher-genus surfaces with many boundaries.
Massless to Massive
Let us now consider inelastic processes in which a massless graviton produces a massive higher spin state upon scattering on a stack of Dp-brane. The relevant tree-level amplitude reads
where
is the massless vertex in the q =q = 0 super-ghost picture, while, for the time being, we take V
for the massive one. It describes a spin 4 particle state in the first Regge trajectory at the first massive level N =N = 2. Later on we will generalize our results to arbitrary level and spin in the 'first Regge trajectory'. Setting
and recalling that p 2 =p 2 = −M 2 and k 2 =k 2 = 0 yield the following kinematical
The amplitude can be decomposed into four sub-amplitudes
according to the number of world-sheet fermions involved, i.e. two, four, four and six.
Using polarization tensors in factorized form h µν = A µ A ν , for the graviton, and H µνρσ = B µ B ν B ρ B σ for the massive spin 4 particle, performing the tedious Wick contractions and setting z 1 = iy and z 2 = i, one arrives at a plethora of integrals of the form
where K(n 1 , n 2 , n 3 ) denote independent kinematic structures i.e. contractions of polarizations and momenta. One can easily check that the condition 2n 3 + n 1 + n 2 = 4, or equivalently 2a + b + c = −2, for the integrals to be expressible in terms of Beta functions is always satisfied.
The final somewhat cumbersome expressions for the four sub-amplitudes are collected in the Appendix.
In order to generalize the result to arbitrary level N > 2 in the leading Regge trajectory, it proves convenient to write (chiral) vertex operators in exponential form
This drastically simplifies the combinatorics [5, 7, 8] . Not surprisingly the final expressions are even more cumbersome than in the N = 2 case. We refrain from displaying the general formulae which are not very illuminating and instead pass on to consider the Regge limit first for level N = 2 and then for arbitrary N.
Regge limit at tree level (disk)
As already observed, for a 'fixed' tensor structure, i.e. for a given power of the energy E in the kinematical factors K(n 1 , n 2 , n 3 ), the dominant terms are the ones with largest n 1 . It turns out that this is (always) achieved when n 1 = J = 2N = M 2 + 2.
For M 2 = 2 (N = 2) the dominant term for α ′ s >> 1 at fixed α ′ t comes from the sub-
(see Appendix). More precisely it obtains from the maximal number of contractions between fermion insertions at z 1 (z 1 ) and at z 2 (z 2 ), producing factors of AB andĀB = AB, once a contraction between fermions at z 1 and atz 1 has produced a kk = −2s factor. Moreover, the leading contribution from the bosonic coordinates is given by contracting ∂X(z 2 ), respectively∂X(z 2 ), in the massive vertex operator with e ikX(z 1 ) , respectively with e ikX(z 1 ) , in the massless vertex operator. These contractions produce factors of Bk andBk. Notice thatBk = Bk = Bq where q = k ⊥ + p ⊥ is the momentum transferred to the Dp-brane in the 9 − p transverse directions, where lack of translation invariance allows for violation of momentum conservation. It is important to observe that Bk = Bq does not grow with E since |q| 2 = −t << s = E 2 in the Regge limit. The final expression for the leading terms at large E turns out to be
Exploiting Stirling formula and replacing BBBB with H and AA with h one eventually finds
which coincides with the corresponding formula for massless to massless scattering up to the replacement of h 1µν h
Once the rule is clear for the first non-trivial case N = 2, generalization is almost straightforward to any N. At least in the Regge limit, there is no need to perform tedious contractions. For scattering of massless states (gravitons) to massive states with J = 2N > 4, the dominant term comes from A
following the same rule as above. It correspond to an integral with n 1 = 2N that eventually yields
As expected the dominant high energy behavior is E 2 , independently of the level
This strongly supports the validity of the eikonal approximation in the Regge limit as advocated in [14] .
One-loop amplitudes (annulus)
We will now proceed with the analysis of one-loop amplitudes. For completeness, we will first briefly reviewed the derivation and analysis of the massless to massless amplitude. We will closely follow the discussion in [14] in order to isolate the dominant terms in the Regge limit of amplitudes involving massive states in the leading Regge trajectory. Quite remarkably, for such states the relevant fermionic contractions simplify drastically in the high energy limit and one can perform the sum over the spin structures as for the massless case.
Massless to massless
The annulus amplitude admits two descriptions. First as a loop of open strings (direct or loop channel). Second as a boundary-to-boundary tree-level closed string exchange (transverse or tree channel, cylinder). The two are related by an S-modular transformation τ op → τ cl = −1/τ op . The modular parameter of a torus doubly-covering an annulus is purely imaginary τ op = iλ [15, 16] . Since at large energy and large impact parameter the integral is dominated by the large λ = Im(τ cl ) region, it proves convenient to adopt the transverse channel vantage point. The boundary-to-boundary amplitude with insertion of massless emission vertices reads [14]
where C p is a normalization constant and ∆ is the closed-string propagator.
Wick contractions are performed by means of the bosonic propagator (Bargmann kernel)
and the fermionic propagator (Szego kernel)
for even spin structure α. Thanks to Riemann identity for Jacobi theta functions, only contractions of the four fermion bilinears survive summation over the even spin structures. Setting z i = ω i + iρ i λ for i = 1, 2 with 0 < ω i < 1 and 0 < ρ i < 1/2, the massless to massless closed-string amplitude on the annulus can be written in the form [14] A ann 00 (s, t) =
where the kinematical factor K tree ≈ (α ′ s) 2 (h 1 h 2 ) + ... is the same as at tree level, while the integrand I is given by
and
with ρ = ρ 1 − ρ 2 , ζ = ρ 1 + ρ 2 e ω = ω 1 − ω 2 . Thanks to translation invariance along the boundary 'circle' direction, the amplitude is independent from ω 1 + ω 2 .
Field Theory limit at one-loop
In order to study the field theory limit, α ′ → 0, it is convenient to set T = α ′ λ, that is kept 'fixed' in this regime, dominated by large values of λ. In terms of the new integration variables the amplitude reads [14] A ann 00 =
where all explicit powers of α ′ have disappeared except for the factor in the exponent and
The first estimate suggests that the ρ integral is dominated by the region ρ ≈ 0 at high energy. In the same limit the integrand turns out to be independent of ω, that can be integrated over trivially. In order to render the ρ integral convergent one has to analytically continue s = E 2 = −kk to negative values. Resorting to the saddle-point approximation for the integral over ρ and then performing exactly the integrals over T and ζ the field theory limit of the one-loop massless amplitude is given by
that grows as E 3 at large E. Recall that the dominant tree-level term had only an E 2 growth. A finer analysis allows to determine the Regge limit of the one-loop amplitude including α ′ corrections. We will momentarily describe the procedure for the massless to massive one-loop amplitude highlighting the differences with the massless to massless case considered so far.
Massless to massive at one-loop
The massless to massive annulus amplitude reads
is the graviton vertex in the (0, 0) picture, while in the same picture the massive one reads [5, 7, 8] 
Thanks to Riemann identity only terms with fermion bilinears contribute. Based on our detailed analysis at tree level, we expect the dominant terms in the high energy limit to result from the fermion bilinears with explicit momentum p dependence. As always we find it convenient to decompose transverse tensor polarizations in terms of transverse vector ones in the intermediate steps i.e. h = AA and H = B...B. Keeping only the dominant terms and performing the Wick contractions yields
whereK tree is 'formally' the same kinematic factor as for massless states with A 1 = A (massless vector polarization) and A 2 = B (massive vector polarization). At fixed k · p and k ·k the integrand J is related to I, appearing in the purely massless case, by
while we defined
whose dominant term in the high energy limit is given by contracting each ∂X(z 2 ), respectively∂X(z 2 ), with e ikX(z 1 ) and e ikX(z 1 ) , respectively with e ikX(z 1 ) and e ikX(z 1 ) , so
Regge limit at one-loop (massless-to-Massive)
At high energies, after analytic continuation to negative s = E 2 , the ρ integral is dominated by the region ρ ≈ 0, while the dominant contribution in the integral over λ comes from the region of large λ.
In order to compare with the estimate obtained by [14] for the purely massless case, one has to study the correction terms deriving from bosonic contractions i.e. powers of derivatives of Bargmann kernels and its derivatives.
For the first correction term (B∂X)
N −1 (B∂X) N −1 , one needs
where q = e −2πiτ = e −2πλ and z = z 1 − z 2 = ω + iρλ or z = z 2 −z 2 = iλ(ζ − ρ). Taking into account that the dominant contributions to the integral in the relevant limit come from the region of small ρ and large λ, one finds
Note that it is crucial that 1 > ζ − ρ > 0 for the approximation to be valid. This happens when the integration over ρ is restricted to the region R ρ (ζ).
For the other correction factor χ M 2 , using the product expansions of θ 1 (z) and its derivative, one finds
Before performing the various integrals, one has to reconsider the approximations of V s and V t used in order to recover the field theory in the purely massless case. Including terms that would vanish for α ′ → 0 one has [14]
After analytic continuation to negative
, the integral over ρ can be performed by saddle-point methods around ρ ≈ 0 and yields
whereĴ = J e +2πλρ 2 kk .
Expanding the exponential
integration over ω can be performed to get
where n = 0, ...N − 1 and use has been made of M 2 = 2(N − 1) and kp − (N − 1) = −t/2 (α ′ = 2).
Next one can perform the integral over λ
The final integral over ζ can be written as a convolution in transverse momentum space along the 8 − p directions orthogonal to the 'large' momentum r
with |q| 2 = |k ⊥ + p ⊥ | 2 = −t and use has been made of Bk = Bq (transversality of H)
and BB = 0 (tracelessness of H). Replacing the infinite sums over ℓ 1 and ℓ 2 by contour integrals according to
with C encompassing the positive real axis and deforming the contour around the poles at z i = −τ i and the first pole of the Beta function one finally gets
that grows as E 3 for large E as in the massless amplitude, while ... denotes sub-leading terms and we have defined t 1 = −|v| 2 and t 2 = −|v − q| 2 .
Including all constants and using Gamma function duplication formula, one arrives at the final expression for the dominant terms in the massless to massive annulus amplitude
is a 'modified' Reggeon vertex that takes into account the emission of massive higher spin particles. A sum over polarizations was given in a previous section, while
can also be found in [25] in a slightly different notation. Our results parallel and generalize the analysis of the purely massless case [14] , indicating that the scattering of strings off D-branes at one-loop is dominated in the Regge limit by double exchange of states in the Regge trajectory of the graviton, the 'first' or leading Regge trajectory. The dominant term in the annulus amplitude factorizes into a two-particle emission vertex and two disk amplitudes.
Regge limit to all orders and Eikonal Interpretation
The divergence of the amplitudes at large E both at tree-level and at one-loop would signal a violation of unitarity in the Regge limit. However the perfect match between the 'square' of the dominant term in the disk amplitude and the dominant term in the annulus amplitude signals the possibility of restoring unitarity [14] .
Indeed considering S-matrix elements
and expanding A = ∞ n=1 A n as a series over the number of boundaries, one arrives at specific relations between terms that appear at different orders but scale with the same power of E at large E.
In order to expose these relations it is convenient to work in impact parameter space, i.e. perform a Fourier transform on the 8 − p space-like directions transverse to the large momentum r = k − p transferred to the D-brane. As a result convolutions in momentum space become simple products in impact parameter space, parameterized by the 8 − p dimensional vector b. Using 2iT
In [14] next-to-leading terms in E at one-loop were also computed and showed that A (sub) ann and T
(sub)
ann diverge as E 2 and E respectively at large E, consistent with the above interpretation.
Given our results for massless to massive scattering, it is tempting to conjecture that the dominant term in the one-loop amplitudes involving massive higher spins belonging to the leading Regge trajectory be expressible as convolutions of two dominant tree-level amplitudes. Even more, if at higher orders, A n (on surfaces with n boundaries) were dominated by n Reggeized graviton exchanges thus producing an E n+1 behaviour, as conjectured in [14] for massless states, our results at tree-level and one-loop suggest that the same should be true to all orders for any amplitude involving massive higher spins in the 'first' Regge trajectory.
Conclusions
We have studied scattering of massive higher-spin closed supestring states in the first Regge trajectory (of the graviton) off Dp-brane. Although complete expressions tend to become unwieldy even at tree-level (disk) and for the first massive level N =N = 2, one can easily isolate the dominant contributions at large E = √ s for small deflection angle |t| << s. We have shown that, independently of N i.e. the spin of the scattered particle, the leading contribution grows as E 2 at tree level and as E 3 at one-loop. This lends further support to the conjectured form of the eikonal operator proposed in [14] .
It would be very interesting to study both dominant terms at higher order (many boundaries) or the subdominant terms in the amplitudes at one-loop with two arbitrary massive higher spins in the first Regge trajectory. One should keep in mind that the remarkable simplifications that occur for states in the leading Regge trajectory considered here are not expected to take place for generic states at arbitrary level. Even solving the BRST conditions and identifying the 'physical' states looks like a formidable task at arbitrary level [5, 7, 8] . In the purely massless case, the sub-leading terms at one-loop have been shown to produce a contribution to the deflection angle that explains corrections in ℓ s /b [14] .
Other energy regimes could be considered. At fixed deflection angle string amplitudes should decay exponentially with the energy at any order [15, 16, 17, 18] . At very small energy one should instead recover the near horizon AdS-like geometry [36, 37] . This presents some subtleties in the massive case since it introduces another adimensional parameter, essentially the string level N, that played a marginal role -except possibly for the combinatorics -in the Regge limit whereby s >> M 2 > |t|. Alternatively one could consider the limit s ≈ M 2 >> |t|. We hope to investigate these and related issues in the near future.
Appendix: disk sub-amplitudes
In this Appendix we collect the four tree-level sub-amplitudes for a massless graviton with h µν = A µ A ν and k 2 = 0 to produce a massive spin 4 particle with H µνρσ = B 
